Document generated on 01/30/2025 12:15 a.m.

Assurances Assurances

DYNAMIC OPTIMAL FUTURES HEDGING WITH JUMP RISK AND
STOCHASTIC INTEREST RATES

Nabil Chahdoura, Minh Chau To and Pierre Laroche

Volume 70, Number 3, 2002 Article abstract

In this paper, we derive dynamic optimal futures hedge ratios when the

HOMMAGE A MINH CHAU TO. NUMERO SPECIAL PORTANT SUR LA relative change in the spot price follows a Poisson jump-diffusion process, and

FINANCE when basis and marking-to-market create additional risks. We show that our
hedge ratios could be more efficient than the regression hedge ratio, and those

URL https://id.erudit.org/iderudit/1107525ar obtained by Chang, Chang and Fang (1996a, 1996b), either because of a

DOI: https://doi.org/10.7202/1107525ar different model specification, or because of a different process specification.

We apply our model to the West Texas Intermediate crude oil contract quoted
on the NYMEX, and we show that our hedge ratios are more efficient than the

See table of contents other ratios under the shorter hedging horizons.

Publisher(s)
HEC Montréal

ISSN

0004-6027 (print)
2817-3465 (digital)

Explore this journal

Cite this article

Chahdoura, N., Chau To, M. & Laroche, P. (2002). DYNAMIC OPTIMAL FUTURES
HEDGING WITH JUMP RISK AND STOCHASTIC INTEREST RATES. Assurances,
70(3), 347-377. https://doi.org/10.7202/1107525ar

Tous droits réservés © Université Laval, 2002 This document is protected by copyright law. Use of the services of Erudit
(including reproduction) is subject to its terms and conditions, which can be
viewed online.

https://apropos.erudit.org/en/users/policy-on-use/

This article is disseminated and preserved by Erudit.

J °
e r u d I t Erudit is a non-profit inter-university consortium of the Université de Montréal,

Université Laval, and the Université du Québec a Montréal. Its mission is to
promote and disseminate research.

https://www.erudit.org/en/


https://apropos.erudit.org/en/users/policy-on-use/
https://www.erudit.org/en/
https://www.erudit.org/en/
https://www.erudit.org/en/journals/assurances/
https://id.erudit.org/iderudit/1107525ar
https://doi.org/10.7202/1107525ar
https://www.erudit.org/en/journals/assurances/2002-v70-n3-assurances08907/
https://www.erudit.org/en/journals/assurances/

DYNAMIC OPTIMAL FUTURES HEDGING WITH JUMP RISK AND STOCHASTIC INTEREST RAT
Chahdoura, Nabil;:Minh Chau To;Laroche, Pierre

Assurances; Oct 2002; 3; ProQuest

pg. 347

%,
%
Assurances, volume 70, numéro 3, octobre 2002, 347-377

DYNAMIC OPTIMAL FUTURES HEDGING
WITH JUMP RISK AND STOCHASTIC
INTEREST RATES

by Nabil Chahdoura, Minh Chau To, and Pierre Laroche

ABSTRACT

In this paper, we derive dynamic optimal futures hedge ratios when the relative
change in the spot price follows a Poisson jump-diffusion process, and when basis
and marking-to-market create additional risks. We show that our hedge ratios could be
more efficient than the regression hedge ratio, and those obtained by Chang, Chang and
Fang (1996a, 1996b), either because of a different model specification, or because of
a different process specification. We apply our model to the West Texas Intermediate
crude oil contract quoted on the NYMEX, and we show that our hedge ratios are more
cfficient than the other ratios under the shorter hedging horizons.

Dans cet article, nous développons des ratios de couverture dans un contexte dynamique,
par l'utilisation des contrats a terme boursiers, lorsque le prix au comptant suit
un processus de diffusion avec sauts de Poisson, et lorsque la base et le réglement
quotidien créent des risques additionnels. Nous montrons que nos ratios de couverture
pourraient étre plus efficients que celui induit par la régression, et ceux obtenus par
Chang, Chang et Fang (1996a, 1996b), soit a cause d’une modélisation différente, soit
a cause de la spécification d’un différent processus de diffusion. Nous avons appliqué
notre modéle au contrat sur le pétrole brut West Texas Intermediate coté sur le NYMEX,
et montré que nos ratios de couverture sont plus efficients que les autres ratios dans
les horizons de couverture courte.

The authors :

Nabil Chahdoura is Arbitrageur at National Bank of Canada, Pierre Laroche and Minh Chau
To were Professors of finance at HEC Montréal when the article was written,
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M INTRODUCTION

Corporate risk hedging is an important managerial function,
leading to the emergence of a large and diversified body of literature
on the subject since the early ‘60s.' The early models of risk hedg-
ing with futures assumed that financial assets returns are uncertain
variables and therefore derive uniperiodic hedging ratios which
optimize some given corporate or individual investor’s objective,
such as the minimization of the investor’s portfolio variance.

More generally, however, returns on financial assets can be
assumed to follow stochastic processes with a normal or log-normal
volatility structure. Furthermore, because of the uncertain arrival of
important information which strongly impacts the financial assets
returns, they can also be assumed to show jump risk. Brennan &
Schwartz (1990) and Chan (1992) have showed that basis (defined
as the spot price minus or divided by the future price) risk is
significant, and that hedging ratios that do not take into account the
jump risk could be inefficient.

Chang, Chang and Fang (1996a) proposed intertemporal hedge
ratios in a dynamic setting where the spot and futures returns
follow jump-diffusion processes, and where the jump component
is a standard homogeneous Poisson process. Assuming no marking-
to-market of the futures (no forward-futures bias) and a constant
correlation between the spot and futures prices (no basis risk), the
hedge ratio (hereafter i) obtained by Chang, Chang and Fang by
minimizing the hedge portfolio variance does not differ from the
traditional or regression hedge ratio, when the jump components
were ignored:?

O+ JO,,

h,=—-————sé j = (1)
o} + jo.

where:

o,, is the covariance between the relative change in the spot
price S and the relative change in the futures price F;

o, is the covariance between x, the gross jump size of the
spot price, and y the gross jump size of the futures price;

J s the arrival frequency parameter of the Poisson process
which is common to both the spot and futures price
processes;

o/ is the variance of the return on the futures price, F; and
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¢ is the variance of the gross jump size of the futures
price y.

When a net cost-of-carry (which could be negative) is intro-
duced as an Orstein-Uhlenbeck process, the relative basis risk is
also shown to follow a jump-diffusion process similar to those of
the spot and futures prices. Because of the basis risk, and if the spot
return and the net cost-of-carry (and thus, the relative basis) are
positively correlated, the hedge ratio in this case (hereafter A,) is
smaller than any at all times before maturity.?

ol +85iosc,,+j{ o’ +8moxcw(T—t)%} @

o; +jo!
where:

o? is the variance of the relative change in the spot price S;
8, is the correlation between the spot return, and i, the rate

of the net-cost-of-carry;

d s the correlation between x, the gross jump size of the
spot price, and w, the gross jump size of the rate of
change of the relative basis defined as B = S/F, the ratio of
the spot price S to the futures price F;

is the standard deviation of the rate of change of the
relative basis B;

G, is the standard deviation of w, the gross jump size of
the rate of change of the relative basis, together with a
Poisson process;

o? is the variance of x, the gross jump size of the spot price;

X

T  is the maturity date of the futures; and
all other variables are as defined earlier.

In addition, since the futures volatility increases with the
relative basis volatility, the future volatility and the hedge ratio
are negatively correlated. While this hedge ratio is richer than the
traditional one by accounting for the basis risk, its application to
a better understanding of hedging practices is hampered by the
assumptions of deterministic jump arrival shifts, and of the same
standard homogeneous Poisson process for the spot price, the
futures price and the relative basis. Moreover, since by definition
the relative basis is the ratio of the spot price to the futures price,
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the latter is endogenous to the model, and therefore it is unclear
whether the introduction of basis risk is only a simple substitution
for the exogenous futures price risk in the former model. This is
especially true if one assumes that the Poisson process affecting
the spot price is not the same as that affecting the futures price,
either precisely because of a stochastic net cost-of-carry or a sto-
chastic interest rate, or because of the influences of macroeconomic
variables.’

Furthermore, minimizing the hedged portfolio variance, as
Chang, Chang and Fang (1996a) did, does not recognize the inves-
tor’s objective of maximizing expected return,® and the daily
marking-to-market in futures trading imposes an additional risk
when the interest rate (a component of the net cost-of-carry)
is stochastic.® To address these issues, Chang, Chang and Fang
(1996b) proposed intertemporal hedge ratios (hereafter h“. and h,,)
in a continuous time framework, where the (absolute) changes in
spot and futures prices follow arithmetic Brownian processes, and
where the risk-free interest rate follows a mean reverting square
root process (see Cox, Ingersoll and Ross (1985).” The existence of
two hedge ratios ariscs from the need to hedge against scttlement
(marking-to-market) risk by holding ., risk-free bonds, along with
h,, futures contracts to cover against the spot price risk. The two
hedge ratios are obtained by assuming that the investor is endowed
with a time-additive, state-independent Von Neumann-Morgenstern
utility function, U[C(f),t], which is strictly increasing and concave
in consumption C. Chang, Chang and Fang (1996b) were able to
show that their hedge ratios are generalizations of those obtained
by Ho (1984), Stulz (1984), and Adler & Detemple (1988) when
U|C(1),t] is logarithmic and interest rates are not stochastic. The
mishedging by one-period hedge ratios, illustrated by numerical
examples based on the S&P 500 futures, is shown to be significant,
especially for shorter hedge durations. The futures-forward dif-
ferential caused by the covariances between interest rates and spot
and futures prices implies settlement risk which is non-trivial and
which should be hedged against. Chang, Chang and Fang (1996b)
also noted that since the futures-forward bias is asset-specific, little
could be generalized from any numerical example based on a given
commodity.

The purpose of this paper is to extend the results of Chang,
Chang and Fang (1996b) to stochastic processes of the spot and
futures returns which take into account jump risk. We are able
to show that our hedge ratios are more efficient than h,, and h,,
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proposed by Chang, Chang and Fang (1996b), especially for the
more volatile spot price.

In the next section, the model will be discussed, and the
proposed hedge ratios will be contrasted with benchmarks A,
and h,,.* Then, a numerical example based on the West Texas
Intermediate crude oil will be presented, and again, the results will
be compared with those obtained by applying the hedge ratios A,

and h,,. The last section concludes the paper. :

B THE MODEL

We assume the following:

Al. The markets are perfect, and trading in both the spot and
futures markets occurs continuously.

A2. The spot price S follows a mixed Poisson-diffusion sto-
chastic process described by the following stochastic
differential equation:

%:[as—lsks]dwcs dzg +dgg (3)

where:

o, is the instantaneous expected spot return;

A

¢ 15 the expected number of jumps (or probability of a
jump) in the spot price at each point in time;

k  isthe expected size of the jumps in spot price, measured by
the relative change in the spot price;

o, s the instantaneous standard deviation of the spot return,
conditional on the absence of a jump in the spot price;
dz, is the increment in the standard Wiener process specific

to the spot return;

dq is the standard Poisson process which describes the arrival
model of information capable of inducing a jump in the
spot price, S;

i is the default-free interest rate.

It is assumed that cov(dz,, dq,) = O gs° and that the margin
requirement on cash trading is 100%.
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A3. The investor has free and unlimited access to the futures
market, where no initial margin is required, and marking-
to-market is continuous. The futures price F follows a
mixed Poisson-diffusion stochastic process described by
the following stochastic differential equation:

__:[(XF_)\,FkF]dt*FOF dz; +dq, @

where:

o, is the instantancous expected futures return;

A, is the expected number of jumps (or probability of a
jump) in the futures price at each point in time;

k. is the expected size of the jumps in the futures price,
measured by the relative change in the futures price;

o, is the instantancous standard deviation of the futures
return, conditional on the absence of a jump in the futures
price;

is the increment in the standard Wiener process specific
to the futures return;

dgq, 1is the standard Poisson process which describes the arrival
model of information capable of inducing a jump in the
futures price, F;

and all other variables are as defined earlier.

It is assumed that cov(dz dz 5 = O , cov(dz,, dgq,) =
cov(dz,. dqs) Op s ; cov(dzg, dqf) = O dﬂd cov(dg,, dq,) = st
Any covariance term above which involves a Poisson process 1s
conditional upon the absence of jumps in that process.

l X115

Ad4. The investor has free and unlimited access to continuous
lending and borrowing at the default-free rate i, which
is stochastic and follows a Cox, Ingersoll and Ross (1985)
square root process:”

di = k(o —i)dt +o,li dz, (5)

where:
o, 1s the instantaneous long run expected interest rate;

k is the speed parameter of reversion towards the long-run
expected interest rate;
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o. is the instantaneous standard deviation of the interest
rate;

dz, is the increment in the standard Wiener process specific

to the interest rate i; and all other variables are as defined

earlier.
It is assumed that cov(di, dz) s cov(di, dz,) = o, ; cov(dz,
dqs =0, ¢ and cov(dz, dg,) = Agam any of the above cova-

riance terms which involves a Po:seon process is conditional upon
the absence of jumps in that process.

To hedge against basis risk and settlement (marking-to-market)
risk, an interest-rate-sensitive instrument is needed, namely a
default-free bond. If B(i,1,T) is the price at time ¢ of such a bond,
which pays one dollar at maturity date 7, when the interest rate
is i, then Cox, Ingersoll and Ross (1985) have shown that it is
expressed as:

B(la ts ’r) = D(t, T) e—i(](l‘T) (6)
where:
DTN 2kor; /o]
D, T)= ’ 4
- [(k+n+r)(e‘”"’—1)+2z] 7
2(et(T-l) _ ])
G D= : 8
L k+m+1)(e" ™" -1)+21 ®)
2 2 %
=[(k+n) +2(5,.] , ©)

and 7 is the market risk parameter of interest rates.'®

Using Itd’s lemma, the dynamics of the bond price is given by
the following stochastic differential equation:

%:i(l—nc)dr—cﬁc,dzi- (10)

AS. The investor is endowed with a time-additive Von
Neumann-Morgenstern utility function, U[C(),t], which
is strictly increasing and concave in consumption C(f).
The investor’s value function is therefore:
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Jw.Sin=Max[ E{U[CO.dower).T]} (D

subject to:

dW = xdS+ ydF + zdB—-Cdt (12)

where:

E  is the expectation operator; ¢, is the current time;

@ is the bequest function which is strictly increasing and
concave in W, the terminal wealth at the end of the inves-
tor’s horizon,

T (which coincides with the maturity date of the futures); and

x, y and z are respectively the holdings in spot contracts,

futures contracts and default-free bonds.

Using the expression for dS, dF and dB in (3), (4) and (10)
respectively, the constraint in (12) which describes the change
in the investor’s wealth at each point in time can be rewritten as:

dW =[x(0tg = Ak) S+ (0t —Apkp ) F+2i(1 =1 G)B=C| dt

2 ' ] (13)
+x6Sdzs + yo . F dz, — 2 BGNiodz, + S dg, + F dg,

The solution to the investor’s program (11)-(12) is to find x, y,
z and C such that J is achieved. The technical tool for this purpose
is stochastic dynamic programming, which implies the following
Bellman equation:

ul C(0),e]+ I,
+J,D,+JsDg+J. D,
0= Max

(xy2.0) +‘HJW V., +Js Vs +J; V:]
+J,5 Cov,s +J,, Cov,,; + J; Covy

(14)

where subscripts to J designate first (single subscript) and
second (double subscript) partial derivatives of J with respect to the
subscripted variables; { = T — ¢ is the time to the end of the invest-
ment horizon (futures maturity date); subscripts to D designate
the drift term relative to the subscripted variables; subscripts to V
designate the unconditional variance of the subscripted variables:
and subscripts to Cov designate the unconditional covariance
between the subscripted variables.
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—

0

More specifically, (14) can be rewritten as:

u[C(),t |+,
+J,[x8(0ts = hsks) + YF(0t = A ke ) + 2Bi(1 = 7G) - C]
+Jg(0tg —Agks) S+ J, k(o —i)
+4J,., (x S’ +y Fioll +7° 82020'21)
Max, +J,, (X Y04 S F = x264,S BGi - yzo7, FBGHi) (15)
+4JS*0 +4J, ic}
+,5( 205 5 + yoiS F~ 2 BGo§ i)
+Jw,.(xog,.«/?S+yo',.,x/fF+zBGicf)
+J5i6;‘iﬁs

where:

0’ = ¢+ A + 2A0;  is the unconditional (on the absence

of Jumps) variance of the spot return;

o'l=02+ A2+ 27LF(SIr - is the unconditional (on the absence

of Jumps) variance of the futures return;

Oy = Ot MO o+ A0, . + ls?.»Foq&qF is the unconditional
(on the absence of Jumps) covariance between the spot and

the futures returns;

o'y, = O+ ?»SG, o is the unconditional (on the absence of
Jumps) covariance between the spot return and the interest

rate;

0, =0+ lpw is the unconditional (on the absence of
jumps) covariance between the futures return and the interest
rate;

o; is the variance of the jumps in spot price, measured as
returns on the spot price; and

82 is the variance of the jumps in futures price, measured as
returns on the futures price;

The optimality conditions are obtained by taking the partial

derivatives of (15) with respect to C, x, y, and z:

U‘.—Jw:()q (16)
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J (o5 —Agk)S
+J,, (X687 + y6 4, S F - 264,BGAi S) =0, (17)

12 02 P el
+J,078" +J NicyS

wi

Jw(alf i )\',:k,:) F
+4,, (YO F? + x04,S F - 267, BGi F) =0, (18)
+J, 0 SF+J A1 oL F

wi

+4,,,(20!B’Gi ~ x0,BGi S -y, BGi F)=0. (19)
-f-f..»s(_BG‘\ﬁo.lw S) i J,,.,-BGI'G?

Equation (16) is the familiar optimal condition of cquality
between marginal utility of consumption and marginal utility of
wealth or more properly value function in our case. Dividing equa-
tions (17), (18) and (19) respectively by S, F and B clearly reveals
that they are keys to give us the optimal solutions for, respectively
X", the optimal number of spot contracts, y* the optimal number of
futures contract, and z* the optimal number of default-free bonds.
Solving simultaneously (17), (18) and (19) for x', y* and z’, one
obtains:

X' =~(AQS)"[EgRy, + E;R + E,G 'R, |- HG™'
~2H(QS)'VioR, 20)

V' =~(AQF)"|E. Ry + ER + E,G 'R
—~2H(QF)'Yi62Ry 1)

z =—(A QBGYI [‘/;-IESRF + ‘/’TilEfRs + E!)'GAIRSI-'

-~ H(QBG)'Q (22)
where:
A=— J W
Jw
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‘IWW
H.- =_i
‘]WW
Eg =05 — Ak
E.=0;~Akg

E,=+i(1-7G)

R; = 0.,?20';‘.' ~O50%e
Ry = 0'}‘20.'91 — OO
R =050}~ 0’05
R =050 -0y

Ry =070}’ —of;

Ry =070} 05

Q=0705 ~070/’0f +0,°0; — 267,040, + 070§

Q=o0jcf +070;°0¢ ~ 0’04 — 207,050}, + 0705

Note that A is the traditional Arrow-Pratt measure of absolute
risk aversion, but the utility function is replaced here by the value
function, and that E, E,, E, are unconditional expected values of
the returns on the spot contract, the futures contract and the default-
free bond, respectively. The ratios H; and H, have as numerators,
respectively, the variations in the marginal value function with
respect to wealth, J,, relative to the spot price, i.e. J,, and to the
interest rate, i.e. J,.. While their common denominator is the second
derivative of the value function with respect to wealth, i.e. /. The
ratio H (H)) thus measures the increase (decrease) in the marginal
value function relative to wealth. More generally, it measures the
increase (decrease) in wealth due to an increase in the spot price
(interest rate). To further simplify the expressions in (20), (21) and
(22), let us define:

E, =S"'[E,R, + E,R +E,G™'R,],

E,=F"[ER, +ER +E,G'R,],
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E, = (BG~Ni)[E4R, + E.Rs + E,G'Vi Ry, ]
V, =257"'io’R,,

V, =2F'\io’R,,

V, =(BG)"'Q.

Then we can rewrite (20), (21) and (22) as:

X ==-Q Y AE,+HG'Q+HV,) (23)
y =-Q(ATE, +HV,) (24)
' =-QYA'E,+HV,) (25)
From these expressions, one can devise the following hedge
ratios:
. -l
hy, :2'72 = .A EY+I,1iVY (26)
X A'E,+HG'Q+HYV,
. -l
Ilm :Z_.= I A LZ +H,-Vz (27)
" AT'E,+HG'Q+HY,

where h,, and h,, are respectively the number of futures
contracts and the number of default-free bonds to cover one spot
contract to hedge against spot price risk, basis risk and settlement
risk. These two hedge ratios should be compared with those pro-
posed by Chang, Chang and Fang (1996b):"!

B —O'SJWR2 _ —0Og A .IR;, (28)
"o (J,R+J,0R) o, AR +HOIR
b = =OsUuR +J,Nio,05R) (29)

" BGyi 0,(J,R +J,40R)

1 o, A'R+HAic oR
B Gyio, A'R+HGR

where:
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R=1-5'~5 -5 +2nnn

Ri=a[(1=17)=0,(r = r,1)+0, (1 = 1;)]
Ry =a[(r~rn) =0, (1=r) +0,(, — )|
R, = [(rr, ~ )=, (1, — 1) +6,(1-17)]

_0%r0;s

5,
6,_‘ as

o {Vi(1-n6)G"] o,
: 6i a.’i
r, is the correlation coefficient between the spot return and the

futures return;

r, is the correlation coefficient between the futures return and
the interest rate, i; and

r, is the correlation coefficient between the spot return and the
interest rate, i.

Using a similar notation, equations (26) and (27) can be
expanded into:"

ho—_S 05 AR, +2HAio,(r, - 1) (30)
4F = ’ ’
F o A"R,—HSG"'%S—R+2H,.JZ'G,.(r3-—r,r2)
7 B GWi o
Oi AR/~ H,G™ —$§<R+2H,.«/176,(r3—rlrz)
where:

T ’?2 ’2 ’2 rrt
R =1-r"+nr"+nr"-2nnn

Ry =22 ((1= 1) - 01 (1= ) + 85 (15 - )]

Eg
’ 6; ’ VR 61 ’2 1 T
Ry = 25 (r= ) = 0i(1= )+ 85 (5 ~ )]
S
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R = %o~ ) - (0~ )+ 031 - 1)

o = E.o}
| ’
Op Ly
ghiic ~E,G™ o _ —[\/7(1 —nG)G“‘}G;
) oi E.\' Gi E‘S

r/ is the correlation coefficient between the spot return and the
futures return, conditional on the absence of jumps in both
the spot and the futures prices;

r, is the correlation coefficient between the futures return and
the interest rate i, conditional on the absence of jumps in
the futures price; and

r; is the correlation coefficient between the spot return and
the interest rate i, conditional on the absence of jumps in the
spot price.

Because in our model a jump process is added to both the spot
return and futures returns processes, the instantaneous means (£,
E,), the instantancous standard deviations of these two processes
(0%, 07) as well as the covariances between the processes (67,),
and between the processes and the interest rate (07, ©},) are now
different from the Chang, Chang and Fang (1996b) model. The
same could be said of the return per unit of risk on the futures
contract relative to the return per unit of risk on the spot contract
(6Y), and the return per unit of risk on the bond relative to the return
per unit of risk on the spot contract (8”). However, beyond these
minor and obvious dissimilarities, the structure of equations (30)
and (31) is very different from equations (28) and (29). First, a term
involving H_ appears in both the numerators and denominators of
both A, and hw, while it appears only in the numerator of 4, with
an opposlte sign. Second, the collections of correlation coefficients
designated R, R, R,, and R, in h,, and h,, look much like R, R,
R, and R’ in h,, and h,, bm in fact are quite different, because lh(,
Iatlel are multlpllt,d by 0, /E,, the reciprocal of the reward to risk
ratio of the spot contract (unconditiona] on the absence of jumps),"
and not by o, a measure of performance of the spot contract, as
in the iormu measures. Furthermore, while R is also used in the
denominator of . and h,,, it is also multiplied by ¢/E and not
by o7 as in h,, and h,,. Lastly, the ratio of the spot price S to the

~ . = . 1” . - . ~
futures price F is a determinant in h,,, and the ratio of the spot
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price S to the default-free bond price B is a determinant in A,
In contrast, only the bond price B appears in the denominator of
hm. Therefore, provided that A, Hs and H, are constant, it is clear
that h_w and h,, are functions of S, F, i (or B) and ¢, while h3F is a
constant, and h,,, is a function of only i (or B) and r.'* These diffe-
rences mainly result from our assumptions of geometric processes
followed by S and F, while the assumption of a Cox, Ingersoll
and Ross’ (1985) model for i also induces a geometric process
for B. While Chang, Chang and Fang (1996b) assumed arithmetic
processes for S and F, they adopted Cox, Ingersoll and Ross’ model
for i, and thus obtained a term involving B in A, in equation (29).
Of course, if one assumes that the cost-of-carry (default-free inte-
rest rate plus storage cost minus income rate) and the convenience
yield are nil, then S/F = I, and that ratio will disappear from (30).
Nonetheless, it is difficult to see how the ratio S/B could become
I in (31).

To specialize the hedge ratios h,, and h,,, let us assume, as
did Chang, Chang and Fang (1996b), that the utility function is
logarithmic. This assumption implies that J .= J = 0, and the
hedge ratios become:

’
w__S 05 Ry

32a

' Fo}, R, o
S o, R

I e S 1Y 33

‘" B Gdlic, R (33)

By comparison, Chang, Chang and Fang (1996b) has an equi-
valent to equation (32a):"

by =—-— -2, (32b)

Equations (32a) and (32b) are almost identical, except for the
presence in (32a) of the ratio S/F due to our assumption that the spot
price and the futures price follow geometric generalized Brownian
motions, and for the obvious dissimilarities in the instantaneous
means and standard deviations of these processes, because of our
assumption that such processes have additional jump risks. Yet if
one assumes away the jump risks, i.e. let A=A _= 0, then our hedge
ratio still differs from (32b) by the ratio S/F:

h(m:) e i (a)
4F F3F
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However, empirical evidence overwhelmingly points to jump
risks in almost all financial assets, and therefore it is unlikely that,
empirically A, and A, will simply collapse to zero. In that case, even
when for a glven penod of time there is no jump, however defined,
in the spot or in the futures price, the values of the distribution
moments conditional on the absence of jumps are still different
from the unconditional, or inclusive of all observations, values.
Hence there is another fundamental difference between the two
hedge ratios hji’and h{y). The first two moments of the spot and
futures return processes respectively o and o, and o, and o,
are not the same in the Chang, Chang dnd ldng (l996a) model
as in ours. Similarly, the three correlation coefficients r,, r,, and
r, in Chang, Chang and Fang (1996a) are not the same as r|, r’,
and r/ in our model. In our hedge ratio, the processes’ first two
moments along with the correlation coefficients are conditional
on the absence of jumps in both the spot and futures prices. In
the Chang, Chang and Fang (1996b) hedge ratio, the correlation
coefficients are inclusive of all observations. '* More specifically,
one would obtain:

pn __ S Os (= rr) = 8,(1- 1) +6,(r; = i) £ (320)
aF = ¥

Fop (l = '5,2 ) = 81(']'_ rz'r_{) + 62(’31"2' = ’.1’)

where all distribution moments are conditional on the absence
of jumps in both the spot and the futures prices. By invoking
unbiasedness of the futures price relative to the spot price, one has
E, = 0= 0 and equations (32a) and (33) become, respectively:

po =5 95 (’i—"zz'k)""e;("z"’lr.a)‘ (34a)
F o (l—r2)+6;(r,r2—i;)

S op (nn-n)+ei(1-77) (35)
B GNio, (1-r2)+8(nn—r)

Oy e
hJH e

Chang, Chang and Fang (1996b) have an equivalent to equa-
tion (34a):"7

p = 9s (1 =5n) +8:(n —rin) (34b)
Yo (1-7)+8,(in - 1)

The same comments made for (32a) versus (32b) can be
repeated for (34a) versus (34b). If one assumes that the correlation
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coefficients between the spot return and the interest rate, and
between the futures return and the interest rate are nil, i.e.
r,= r,= 0, then equations (32a) and (33) become:

hscF):_f_G_’; n-9, (36a)
F o, 1-0,n

w_ S _or G- Wi 37)

hw: .

"B Gio, 1-9,r

The equivalent to equation (36a) in Chang, Chang and Fang
(1996b) is:'®

©__Os =6 (36b)
" Gp 1-61

Moreover, by again invoking the unbiased nature of the futures
price relative to the spot price, i.e. E. = 0] = 0, equations (36a)

and (37) become:
por=_S5 Os (38a)
4F 1;- ; |
(d) S G’S ’ 2 f (39)
g =-= 0;(1- " Wi

In Chang, Chang and Fang (1996b), the equivalent to equation
(38a) is:"?

(o)
A (38b)

Equation (38b) is the traditional regression hedge ratio,
obtained as one, seeks to minimize the variance of the return on
the hedged portfolio containing one spot contract and the optimal
number of futures contracts. By contrast, equation (38a) implies
that the cost-of-carry and convenience yield, represented by the
basis S/F, must also be taken into account in deriving the hedge
ratio, even in that basic framework.

It should be noted that in all its four variations, the optimal
number of default-free bonds to hold for hedging against basis and
settlement risks in (33), (35), (37) and (39), is not nil even when
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the utility function is logarithmic, and when there is no correlation
between the interest rate and the spot return or the futures return.
Ultimately, that optimal number of default-free bonds depends
on the spot price relative to the bond price, on the ratio of the
unconditional standard deviation of the spot price G to the volatility
term of the bond price Gvi G, on the reward-to- rlsk ratio of the
bond relative to that of the spot contract, on the complement to the
determination coefficient between the spot and the futures prices,
and lastly on the square root of the interest rate, as (39) can be
rewritten as:

h( d)

.
a8 B (,

o i(l-7G) 2\ [
o a (N .

B A NUMERICAL EXAMPLE

To illustrate the theoretical results obtained so far, we have
used price data on the West Texas Intermediate (WTI) crude oil
spot contract for S, price data on the front month futures contract
on WTI traded on the New York Mercantile Exchange (NYMEX)
for I and yields on 3-month U.S. Treasury bill for i.?" The data
covered the period of November 4, 1993 to April 20, 1998 inclusive,
for 1113 daily observations. The sample has been divided into
two sub-periods: The first one ranges from November 4, 1993 to
May 2, 1997 inclusive (873 observations) and is used to estimate
the parameters of the stochastic processes for S, F and i; the
second one, which comprises the remaining observations, is used
to compute the hedge ratios.

The spot and futures returns are computed as first differences
in the logarithms of the respective price series. A jump in the spot
and futures returns is defined as any observation which is more than
one standard deviation in absolute value from the mean, computed
by using the whole return series. The means and standard deviations
of the spot and futures returns, computed by excluding the jumps,
are respectively the means and standard deviations conditional on
the absence of jumps, o, o, 0, and s,. Using the series of spot
and futures returns containing only the observations deemed to be
jumps, the probabilities of a jump for the spot and futures prices,
lcspecuvc,ly A, and A, are computed as the average numbers of
jumps per ddl]y unit of time. Therefore, A, and A, are computed
as the number of days during the samplu period whcre a jump is
observed divided by the sample size (in days). The means and
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standard deviations of the jumps in the spot and futures returns,
respectively [, 1, 8; and 8, are computed from the series of spot
and futures returns containing only the observations deemed to be
jumps. A successive series of units of time constitutes a distribution
of jumps which tend increasingly towards a lognormal distribution
with the time length of the series. Therefore, let X, be a random
variable representing the size of a jump in the spot price, and since
we have:

Log(X;) ~ N(1,85).

Then, the expected size of a jump, & is :
2
ke =E(Xg)= Exp[us —%5-]—1,

The same applies to k,. Table 1 presents the results of our
computations for the parameters of the spot and futures prices.

TABLE 1
PARAMETERS OF THE SPOT AND FUTURES
PRICE PROCESSES

F ks K, Eg E,

4.64% 491% 2523% 24.42% -1426% -13.15% 823% 8.12%

is the instantaneous expected spot return;
o.. is the instantaneous expected futures return;

is the expected number of jumps (or probability of a
jump) in the spot price at each point in time;

A, is the expected number of jumps (or probability of a
jump) in the futures price at each point in time;

k. 1is the expected size of the jumps in spot price, measured
by the change in the spot price;

k. is the expected size of the jumps in futures price,
measured by the change in the futures price;

Es :as—lsks; and
E.=0,—Apk;
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To compute the parameters of the mean reverting interest rate
process, we adopt the following discrete model, which is compa-
uble with the process specified in (5):

i, =ko, +(1—=k)i_, + €

The discrete model has been estimated through an OLS regres-
sion, and the estimated slope is .818, with a t-value of 12.55,
impiying that the mean reverting speed & is .182. The estimated
constant 1s .832, with a t-value of 3.00, which implies that the
long term instantancous mean of the interest rate o, is 4.57%. The
standard deviation of the interest rate process is o(€) = .04%, and
the cocfficient of determination is .961. The market risk parameter
of interest rates, 7, is computed as the slope in the regression of
the bond price B(1, T) over the basis Ln[S(1)/F(t)]; as expected, it is
generally close to zero and not significant whatever the period and
the length of the period over which the regression is estimated.

Table 2 presents the conditional (on the absence of jumps)
variance-covariance matrix of the spot return, the futures return and
the interest rate, while Table 3 presents its unconditional equivalent.
Table 4 presents the same variance-covariance matrix when no
distinction is made between jumps and no-jumps among the spot
and futures return observations. The values in that matrix arc input
to the computation of hedge ratios according to Chang, Chang
and Fang (1996b), and should be compared with the unconditional
values of Table 3. It appears that to distinguish between jumps and
no-jumps in the spot and the futures return observations, using
the definition of a jump as a departure of more than one standard
deviation from the mean results in underestimation of the variances
and covariances. This is because the values in Table 3 are about half
of their counterparts in Table 4, except for the covariance between
the futures return and the interest rate, which is about one tenth of
its counterpart from Table 4.

TABLE 2
CONDITIONAL (ONTHE ABSENCE OF JUMPS) VARIANCE-
COVARIANCE MATRIX OF THE SPOT RETURN,THE
FUTURES RETURN AND THE INTEREST RATE

0/=67610* o,=57610" o, =24510" o, =208107 o =48110"
L q¥ A

s y

0] =60510° ©,,=19710° o©,,=22710° o, =-9.04 10"

L

8/=34010" o, =223107° o  =-1.7410"

WSy

8,’ =3.07107 o  =58110"7
14k

1 0l=-1.66 10"
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o/ is the variance of the spot return, conditional on the absence of
jumps in the spot price;

o.? is the variance of the futures return, conditional on the absence
of jumps in the futures price;

87 is the variance of the jumps in spot price, measured as returns
on the spot price;

872 is the variance of the jumps in futures price, measured as
returns on the futures price;

0‘.2 is the variance of the interest rate;

s j8 is the covariance between the spot and futures returns, condi-
tional on the absence of jumps in both the spot and the futures

prices;

Oy s is the covariance between the spot return, conditional on the
absence of jumps in the spot price, and the jump in the spot
price;

O, 1 the covariance between the spot return, conditional on the
absence of jumps in the spot price, and the jump in the futures
price;

9

., 1S the covariance between the spot return, conditional on the

absence of jumps in the spot price, and the interest rate;

Opes is the covariance between the futures return, conditional on
the absence of jumps in the futures price, and the jump in the
spot price;

o - is the covariance between the futures return, conditional on
the absence of jumps in the futures price, and the jump in the
futures price;

O, is the covariance between the futures return, conditional on the

absence of jumps in the futures price, and the interest rate;

o

45 1 the covariance between the jump in the spot price and the

jump in the futures price;

0, is the covariance between the interest rate and the jump in
the spot price; and
O, ur is the covariance between the interest rate and the jump in
the futures price.
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TABLE 3
UNCONDITIONAL (ONTHE ABSENCE OF JUMPS)
YARIANCE-COVARIANCE MATRIX OF THE SPOT RETURN,
THE FUTURES RETURN AND THE INTEREST RATE

| ov=sanee o, =690 102 o, = 477107
, o/F=135 102 o, =5.1510%
! 2= 1.66 107

0y =0;+ A%} + 200, S is the unconditional (on the absence
of |umps) vanancc of the spot return,

=07+ A%+ 2A,0, Iisthe unconditional (on the absence
of ulmps) varmncc ot the futures return;

Oy = Oy + MG, + MG +AA,0c  is the unconditional

(on the absencc of jumps) covarlance between the spot and the
futures returns;

oy, = O, + A0, " is the unconditional (on the abscnce of

jumps) covariance betwcen the spot return and the interest rate;
6, = O, + A0, . 18 the unconditional (on the absence of
jumps) covariance bctwccn the futures return and the interest rate;

TABLE 4
VARIANCE-COVARIANCE MATRIX OF THE
SPOT RETURN, THE FUTURES RETURN AND
THE INTEREST RATE,WITH NO DISTINCTION
BETWEEN JUMPS AND NO-JUMPS AMONG

OBSERVATIONS
J
! dsis dFIF i
I dsis 15.07 10? 12.05 107 4.64 107
dFIF i 13.68 107 491 107
\ i 1.66 107

dS/S is the spot return;
dI/F is the futures return; and

[ 1s the interest rate.
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To further investigate the comparison between the uncondi-
tional values from our assumed jump-diffusion processes and the
historical data, Table 5 presents the correlation coefficients for the
three possible ways to look at the data: (1) observations exclusive
of jumps, i.e. conditional on the absence of jumps; (2) observations
unconditional on the absence of jumps, i.e. inclusive of jumps
through their first two moments; and (3) all observations without
distinction between jumps and no-jumps. While the correlation
between the interest rate and either the spot return or the futures
change is negligible, the correlation between the spot return and
the futures return decreases with the degree of inclusion of the
jumps in the sample. When the observations are exclusive of jump,
that correlation is highest at 0.90, and when no distinction is made
between jumps and no-jumps, it is lowest at 0.84. The econometric
explanation is the effect of exclusion of jumps as outliers, while
the economic explanation is that basis risk is probably higher when
jumps are allowed to occur. The decrease in correlation illustrates
the importance of modeling jumps in the diffusion processes of spot
and futures returns. Moreover, because the occurrence of jumps
usually coincides with period of liquidity gap, it is important to
recognize that the interest rate is stochastic, and that settlement risk
must be covered through bond holdings.

TABLE 5
CORRELATION MATRIX OF THE SPOT RETURN,
THE FUTURES RETURN AND THE INTEREST RATE

dsis dFIF i
dslis [ (1) 0.90* (1) 454 10°
(2) 0.89* (2) 4.08 10°

(3) 0.84* (3) 2.90°

dFIF _ I (1) -0.90 10°
(2) 0.46 102
(3)3.20 102

i _ _ |

dS/S is the spot return;
dF/F 1is the futures return;

[ is the interest rate;
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(1) refers to the values conditional on the absence of jumps,
as presented in Table 2;

(2) refers to the values unconditional on the absence of
Jumps, as presented in Table 3; and

(3) refers to the valoes with no distinction between jumps
and no-jumps among observations, as presented in Table 4.

# Significant at the .S level.

The hedge ratios have been computed for different hedging
horizons, using May 5, 1997 as the date for the futures position
initiahization (t = 0), and the results are presented in Table 6
Hedge ratios derived by assuming unbiasedness, i.e. £, = o, = 0,
have not been computed, since in our case this assumption can not
be supported, as o, = 4.91% and E, = 8.12%. Also, hedge ratios
derived by assummg that r,=r,=0 hdve not been presented, since
they differ little from A, chause of the very small values of r,
and r, (see Table 5). Hedgc ratio h, yields a value of 105. 85%,
Wthh is very inefficient relative to thc hedge ratios reported in
Table 6. Finally, hedge ratios h, and h{j cannot be computed for
varying hedging horizons, smce they er derived from essentially
one-period model.

Table 6 reveals that the values for our hedge ratios, A and
h{i®, as well as for the traditional regression hedge ratio, h‘;,“, du, all
negative and, in the case of the first two ratios, decrease in absolute
values with the length of the hedging horizon. The decrease in
absolute values with the length of the hedging horizon can be
explained by the greater risk involved, and thus the lower efficiency
of the optimal hedge ratio. Remarkably, the traditional regression
hedge ratio for a hedging horizon of one day is close, yet lower in
absolute values, to our hedge ratio 2 for hedging horizons of day
up to one week. However, only for hedging horizons of two weeks
or more does the traditional regression hedge ratio have higher
absolute values than A[Y’. The hedge ratio h/s is strictly higher in
absolute values than either A or A for all hedging horizons, and
is close to —1. The reason for thlS 18 the exclusion in A% of jumps
in the spot and the futures returns, which therefore nnplu,s that
jump risk 1s ignored, and thus permits a higher level of efficiency
in the hedge ratios. These observations are all reassuring since our
hedge ratios are close to, and yet (generally for 4% and strictly for
h«) more efficient than the simple traditional regression hedge
ratio. By contrast, the hedge ratios proposed by Chang, Chang and

Fang (19964, b), respectively h, and hly, are positive, and in the
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case of the latter, increasing in absolute values (i.e. increasing inef-
ficiency) with the length of the hedging horizon. It should be noted
however that in Chang, Chang and Fang (1996b), the empirical
evidence, which points to relatively highly efficient hedge ratios, is
derived from data on S&P 500 stock index, a financial asset which
is not characterized by jump risk as much as the WTI crude oil
contract which is used in this paper. Moreover, while Chang, Chang
and Fang (1996a) takes into account jump risk, given that the basis
is endogenous to their model, the jump risk is the same for the spot
price than for the futures price, which severely limits the efficiency
of their hedge ratio. In addition, because the Chang, Chang and
Fang (1996b) model assumes, without taking into account jump
risk, arithmetic generalized Brownian motion for both the spot and
futures returns, it is not clear whether such diffusion models are
better adapted to prices than to returns, or to neither.?? The results
so far seem to show that the Chang, Chang and Fang (1996b) hedge
ratio is probably not well suited for highly volatile assets, or ones
that entail a jump risk.

I TABLE 6
HEDGE RATIOS
Hedging  h hi? hiy ho b
horizons
One day -89.51% -96.87% 2683%  26.75% -88.04%
Two days -89.38% -96.81% 27.13%
Three days -89.25% -96.76% 27.43%
One week  -88.68% -96.52% 28.73%
Two weeks -87.77% -96.14% 30.77%
One month -86.14% -95.46% 34.44%
One year -74.25% -90.20% 60.34%

g o—f LS is our equation (32a), when the utility func-
Foi N,

tion is logarithmic; computational input is from Table 3;

(@) _
h4F =

((lfl) - __'S:._(Zi_ (’i,_ rz"f\,) - 6|(1 = ’.';2) + ez(rz,— }'I'G’)
" F oy (1-n7)=8,(— ) +0,(nf - )
tion (32c), when the utility function is logarithmic and there is

no jump in the spot and in the futures prices, i.e. A;= A, = 0;
computational input is from Table 2;

is our equa-
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R, . . ,
hy =— S 1s our equation (32b) and the hedge ratio

F I
obtained by Chang, Chang and Fang (1996b, equation 16); compu-
tational input is from Table 4;

Jo
' (ok+io?)

y

is our equation (1) and the hedge ratio

obtained by Chang, Chang and Fang (1996a, equation 5); computa-
tional input is from Table 4; and

ey _

O . " s
L, =——2= 1 is our cquation (38b) and the traditional regres-
: s,
sion hedge ratio; computational input is from Table 4.

Hedging horizon 1s the horizon over which the investor intends
to cover his or her cash position against the asset price risk. It
is assumed that the hedging horizon coincides with the time to
maturity of the futures contract.

In Table 7, efficiency measures of the hedge ratios are pre-
sented. The benchmark hedge ratios are those proposed in this
paper, h' (panel A of Table 7) and (panel B of Table 7). The
efficiency measure is simply computed as:

BHR - EHR
|BHR|

where BHR is the benchmark hedge ratio and EHR is the
evaluated hedge ratio. From Table 7, it is clear that both our hedge
ratios are strictly more efficient than the hedge ratios proposed by
Chang, Chang and Fang (19964, b), and that efficiency is increasing
with the length of the hedging horizon. Our hedging ratios are also
more efficient than the traditional regression hedge ratio, although
the efficiency is decreasing with the length of the hedging horizon.
Moreover, for a1, i.e. for hedging horizons of two weeks or more,
our hedge ratio is less efficient than the traditional regression hedge
ratio. The reason for this is the short-term nature of our hedge
ratios, developed in a continuous time framework.
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TABLE 7
EFFICIENCY MEASURES OF HEDGE RATIOS

Panel A Efficiency relative to h{?

Hedging h© h, hi?
horizons
One day -129.97% -129.88% -1.64%
Two days -130.35% -129.92% -1.49%
Three days -130.73% -129.97% -1.35%
One week -132.39% -130.16% -0.71%
Two weeks -135.05% -130.47% 031%
One month -139.98% -131.05% 2.20%
One year -181.27% -136.03% 18.59%
Panel B Efficiency relative to h{?’
One day -7.60% -127.69% 9.11%
Two days -7.67% -128.02% -9.05%
Three days -1.76% -128.34% -9.01%
One week -8.12% -129.76% -8.78%
Two weeks -8.70% -132.00% -8.42%
One month -9.76% -136.07% -7.77%
One year -17.68% -166.89% -2.39%
. BHR-EHR

The efficiency measure is computed as:

|BHR|

Where BHR is the benchmark hedge ratio and EHR is the
evaluated hedge ratio. For example, the efficiency measures in the
first column of panel A are computed as:

(a) _ pla)
hdF F

(a)
|

Hedging horizon is the horizon over which the investor intends
to cover his or her cash position against the asset price risk.

To further investigate the efficiency of the hedge ratio A over
short horizons, we have computed it again for hedging horizons
of one day to one week, and for an adjustment date of 7, 15, 30,
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and 180 days after the initial futures position initialization date of
May S, 1997. The purpose is to illustrate the dynamic nature of our
hedge ratio, which implies continuous adjustment to the hedging
position. The results are presented in Table 8. The first line in each
cell is the value of the hedge ratio A, and the second line is the
efficiency measure of the traditional regression hedge ratio A/
relative to h’. The results clearly show that our hedge ratio is
strictly more efficient than the traditional regression hedge ratio for
short horizon and for adjustment delay as long as 180 days.

TABLE 8
EFFICIENCY OF h( OVER SHORT HORIZONS

Futures position adjustment dates

Hedging  May 12,1997 May 20, 1997 June 3, 1997 November
horizons (7 days) (15 days) (30 days) 3,1997
(180 days)

Oneday (1)-89.63%  (1)-89.14%  (1)-89.29% (1) -90.60%
@-1.77%  (2)-123% (2) -1.4% (2) -2.82%
Two days (1)-89.50%  (1)-89.01%  (I)-89.16% (1) -90.47%
()-163%  (2)-1.09%  (2)-125%  (2)-2.68%
Three days (1)-89.37%  (1)-88.88%  (1)-89.03% (1) -90.34%
()-149%  (2)-094%  (Q-1.11%  (2)-2.54%
One week (1)-8879%  (1)-8831%  (1)-88.46%  (I)-89.76%
(2)-084%  (2)-030%  (2)-047%  (2)-191%

The hedge position initialization date is May 5, 1997. Hedging
horizon is the horizon over which the investor intends to cover his
or her cash position against the asset price risk. It coincides with
the time to maturity of the futures contract.

B CONCLUSION

In this paper, optimal hedge ratios are developed in a dynamic
setting, where the spot and futures returns follow Poisson jump-
diffusion processes, and where additional risks are created by the
stochastic interest rate and the marking-to-market. We show that
our hedge ratios are very different from those proposed by Chang,
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Chang and Fang (1996b) and that they are truly dynamic in nature.
Using data on the WTI crude oil contract, we also show that our
hedge ratios are more efficient than the hedge ratios proposed
by Chang, Chang and Fang (1996a, b) along with the traditional
regression hedge ratio. While settlement risk is common to all
assets, jump risk and basis risk are specific to each asset. Therefore,
a natural extension of this paper is to assess the efficiency of
the proposed hedge ratios examined in terms of a wide range of
assets. It would be normal to expect that our hedge ratios are more
appropriate for assets for which jump risk and basis risk are high.

The hedge ratios we derive are uniformly applicable to all
firms with the utility attributes we describe in this paper. Yet when
firms engage in hedging activities, they are predicated by other
determinants, which explains the differentiation in hedging policies
among firms of the same sector. Haushalter (1998) documents a
wide variation in the hedging policies among 100 U.S. oil and
gas producers from 1992 to 1994.% His evidence supports several
reasons for corporate risk management: 1) to alleviate financial
contracting costs; ii) to benefit from economies of scale in hedging;
and iii) to reduce the basis risk. Adam (1998) also supports the first
rationale in the North American gold mining industry. He shows
that the extent of hedging volume is related to the company capital
expenditures, financial leverage and access to the financial markets.
Another natural extension of this paper is to consider, along the
lines of Haushalter and Adam, attributes other than wealth, and
objectives other than wealth maximization, in the hedging program
of the firms.
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[ ] Notes

. Raposo (1999} has recently provided a good review of the literawure on
corporate risk hedging. Johnson (1960) is probably the first scholarly treatment of the
subject.

2. This is equation (5) in Chang, Chang and Fang (1996a), corrected for some
typographical errors.

3. This is equation (14) in Chang, Chang and Fang (1996a).
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4. Brennan (1991) explains basis risk by the stochastic nature of the cost-of-carry
which is specific to each commodity or asset. Bailey and Chan (1993) use macroeconomic
variables to explain basis risk.

5. Anderson & Danthine (1981) and Howard & D’Antonio (1984) treat futures
hedging in a (one-period) risk-return framework.

6. Cox,Ingersoll & Ross (1981), Jarrow & Oldfield (1981),and Richard & Sundaresan
(1981) demonstrate that futures prices are different from forward prices because of the
marking-to-market feature of the futures when interest rates are stochastic. Meulbroek
(1992) and Dezbakhsh (1994) showed that the forward-futures price differential can be
substantial for financial assets such as Eurodollars and currencies.

7. The expressions for hedge ratios h,, and h,, are both presented below in
equations (28) and (29), respectively.

8. Therefore, wherever we could, we will use the same notation as in Chang, Chang
and Fang (1996b).

9. The Cox, Ingersoll and Ross (1985) square root process implies that the interest
rate cannot be negative. Processes with a Gaussian volatility structure, such as the Ornstein-
Uhlenbeck process, allow interest rates to be negative with a (small) positive probability,
while processes with a lognormal volatility structure, such as the Black and Karasinski
(1991) model, could imply infinite interest rates with positive probability.

10. We follow here the notation of Cox, Ingersoll and Ross (1985) and Chang,
Chang and Fang (1996b). The market risk parameter of interest rates, p, will generally
collapse to zero.

I'1. Namely equations (16) and (17) in Chang, Chang and Fang (1996b).

12. We could have presented (30) and (31) differently, for example by showing more
distinctly the volatility term of the value of the default-free bond. However, we tried to keep
our presentation as close as possible to that of Chang, Chang and Fang (1996b).

13. The reward to risk ratio is defined as the ratio of expected return over the
standard deviation of return.

14. Unless a; and s, are functions of §,i and ¢, and a,and s, are functions of F,i and
t, as suggested by Chang, Chang and Fang (1996b) in their equations (1) and (2). However,
their later treatment of a, s, a,and s imply that those are not dependent on S, F,ior t

I5. This is equation (19) in Chang, Chang and Fang (1996b).

16. That difference results in the two hedge ratios being of different signs, as
illustrated in our numerical example, presented in Table 6 and discussed below.

I7. Namely equation (20) in Chang, Chang and Fang (1996b), corrected for some
typographical errors.

18. This is equation (21) in Chang, Chang and Fang (1996b).
19. This is equation (22) in Chang, Chang and Fang (1996b).
20. All data are obtained from Bloomberg.

21. Hedging horizon refers to the period over which the investor intends to cover
his or her cash position against the asset price risk. We suppose that the hedging horizon
coincides with the time to maturity of the futures contract.

22. Chang, Chang and Fang (1996b) used data on returns in their empirical
procedures.Yet, their equations (1) and (2), respectively equivalent to our equations (3) and
(4), model absolute spot and futures price changes as:

dS=o,dt+ o dz, (N

dF = o, dt + o, dz, (2)

23. For example,in 1993 the fraction of annual production hedged by these firms
varies from zero to 97.5%.
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